Abstract. We present a stochastic model of active vesicular transport and its role in cell polarization, which takes into account positive feedback between membrane-bound signaling molecules and cytoskeletal filaments. In particular, we consider the cytoplasmic transport of vesicles on a two-dimensional cytoskeletal network, in which a vesicle containing signaling molecules can randomly switch between a diffusing state and a state of directed motion along a filament. Using a quasi-steady-state analysis, we show how the resulting stochastic hybrid system can be reduced to an advection-diffusion equation with anisotropic and space-dependent diffusivity. This equation couples to a reaction-diffusion equation for the membrane-bound transport of signaling molecules. We use linear stability analysis to derive conditions for the growth of a precursor pattern for cell polarization, and we show that the geometry of the cytoskeletal filaments plays a crucial role in determining whether the cell is capable of spontaneous cell polarization or only polarizes in response to an external chemical gradient. As previously found in a simpler deterministic model with uniform and isotropic diffusion, the former occurs if filaments are nucleated at sites on the cell membrane (cortical actin), whereas the latter applies if the filaments nucleate from organizing sites within the cytoplasm (microtubule asters). This is consistent with experimental data on cell polarization in two distinct biological systems, namely, budding yeast and neuronal growth cones. Our more biophysically detailed model of motor transport allows us to determine how the conditions for spontaneous cell polarization depend on motor parameters such as mean speed and the rate of unbinding from filament tracks.
Introduction.
Many cellular processes depend critically on the establishment and maintenance of polarized distributions of signaling proteins on the plasma membrane. These include cell motility, neurite growth and differentiation, epithileal morphogenesis, embryogenesis, and stem cell differentiation. In many cases, cell polarity can occur spontaneously, in the absence of preexisting spatial cues. One of the most studied model systems of cell polarization is the budding yeast Saccharomyces cerevisiae [39, 20] . A yeast cell in the G1 phase of its life cycle is spherical and grows isotropically. It then undergoes one of two fates: either it enters the mitotic phase of the life cycle and grows a bud, or it forms a mating projection (shmoo) toward a cell of the opposite mating type. Both processes involve some form of symmetry breaking mechanism that switches the cell from isotropic growth to growth along a polarized axis; see Figure 1 . Under physiological conditions, yeast cells polarize toward an environmental spatial asymmetry. This could be a pheromone gradient in the case of mating or a bud scar deposited on the cell surface from a previous division cycle. However, yeast cells can also undergo spontaneous cell polarization in a random orientation when external asymmetries are removed. For example, in the 
. Stages of neuronal polarization. A neuron attaches to the substrate as a round sphere surrounded by actin-rich lamellipodia and filopodia (stage 1). Growth cones formation by the consolidation of lamellipodia leads to the establishment of several neurites (stage 2). One neurite starts to elongate rapidly and forms the axon (stage 3).
Figure 2. Cultured neurons initially attach to their substrate as round spheres surrounded by actin-rich structures including lamellipodia and filopodia (stage 1). Lamellipodia then coalesce to form growth cones, followed by the establishment of several short processes, called neurites (stage 2). Eventually one of the neurites starts to grow more rapidly to become the axon (stage 3), while the other neurites remain short and develop into dendrites at later stages of maturation. The growth cone at the mobile tip of an elongating neurite or axon contains microtubules within a central domain (C-domain) and actin filaments within the peripheral domain (P-domain); see Figure 3 . The microtubules provide the structural backbone of the shaft and a substrate for intracellular transport to the growth cone. They polymerize with their growing ends pointed toward the leading edge of the growth cone. Actin filaments within the P-domain form filopodia and lamellipodia that shape and direct the motility of the growth cone. In both structures, the actin filaments face with their barbed (growing) ends toward the plasma membrane. Polymerization of actin filaments towards the leading edge causes the extension and protrusion of the growth cone. This creates a force that pushes the actin network and the tightly linked plasma membrane backward (retrograde flow) and hinders the invasion of the microtubules into the P-domain. The retrograde flow is also enhanced by the action of myosin molecular motors, which drag the actin cytoskeleton back toward the C-domain, where actin filaments depolymerize at their pointed ends. If there is a balance between actin polymerization in the P-domain and retrograde flow, then there is no elongation. However, signals from surface adhesion receptors bound to a substrate can suppress the retrograde flow of actin filaments, shifting the balance toward polymerization-driven forward motion that involves both actin filaments and microtubules.
The growth cone of an axon can itself exhibit a form of polarization. During neural development, the growth cone has to respond accurately to extracellular chemical gradients that direct its growth. One such gradient activates gamma-aminobutyric acid (GABA) receptors in the plasma membrane, which then redistribute themselves asymmetrically toward the gradient source. Single-particle tracking experiments have shown how this redistribution involves interactions between the GABA receptors and microtubules in the growth cone, which results in a reorientation of the microtubules toward the gradient source and subsequent steering of the growth cone [4] . Another crucial component is the redistribution of the sites of endocytosis and exocytosis for vesicles carrying lipid proteins to and from the membrane of the growth cone [41] . Interestingly, in contrast to the interactions between Cdc42 and actin in budding yeast, one does not observe spontaneous polarization of the growth cone in the absence of an external spatial cue.
A recent modeling study by Hawkins et al. [15] has demonstrated that the geometry of the organization of cytoskeletal filaments plays a crucial role in determining whether the cell is capable of spontaneous cell polarization or only polarizes in response to an external chemical gradient [15] . More specifically, the authors showed that the former holds if filaments are nucleated at sites on the cell membrane, whereas the latter applies if the filaments nucleate from organizing sites within the cytoplasm (microtubule asters). The model thus captures differences in experimental studies of cell polarization in budding yeast [27, 40] and neuron growth cones [4] . However, the model involves two major simplifying assumptions: (i) the cytoplasmic signaling molecules are treated as free particles rather than bound to vesicles; (ii) the transport of molecules in the cytoplasm is represented in terms of an advection-diffusion process with isotropic, homogeneous diffusion. As highlighted by Layton et al. [25, 37] , one potential problem with assumption (i) is that vesicular transport makes cell polarization more difficult to sustain, since fusion of vesicles leads to the release of membrane lipids as well as signaling molecules. This suggests that either there is some active mechanism for increasing the concentration of signaling molecules in the membrane following vesicle fusion, or some other factor is transported by vesicles that maintains cell polarization. Interestingly, experimental evidence for the former mechanism has recently been obtained by establishing that vesicles deliver Cdc42 to sites of polarized growth in yeast [9] . In this paper, we relax both assumptions (i) and (ii) and show that a more biophysically realistic model of active vesicular transport in the cytoplasm leads to an advection-diffusion equation with anisotropic and space-dependent diffusion. Our starting point is a stochastic model of active transport on a two-dimensional cytoskeletal network, in which a vesicle containing signaling molecules can randomly switch between a diffusing state and a state of directed motion along a cytoskeletal filament. Using a quasi-steady-state (QSS) analysis [5, 6] , we show how the resulting stochastic hybrid system can be reduced to an advection-diffusion process for the concentration of vesicles in the cytoplasm. We thus derive an explicit expression for the anisotropic diffusion tensor and show how it depends on cytoskeletal geometry. Downloaded 04/05/15 to 155.97.178.73. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
We then use linear stability analysis to derive conditions for the growth of a precursor pattern for cell polarization and thus demonstrate that our more realistic model of active transport supports spontaneous polarization in the case of nucleation at the cell membrane but not from asters. The effects of spatially varying/anisotropic diffusion and the dependence on various biophysical parameters of the stochastic model are also highlighted. Finally, note that although we do take into account the vesicular nature of active transport (assumption (i)), we do not address the particular issue of lipid transport. However, our more realistic model provides a framework for exploring this issue in future work.
The model.

Deterministic model.
We begin by describing the deterministic model of Hawkins et al. [15] . For simplicity, the cell is taken to be two-dimensional and curvature effects are ignored; see Figure 4 . The cytoplasm is represented by the semi-
with L the circumference of the cell and z = 0 the cell membrane. (Boundary conditions at the edges x = ±L/2 are ignored, since the analysis is carried out in the limit L → ∞.) Let u(x, t) denote the concentration of signaling molecules in the membrane and let c(x, z, t) denote the corresponding concentration in the cytoplasm. Hawkins et al. [15] consider a deterministic reaction-diffusion model of the form
The first equation represents diffusion of signaling molecules within the membrane together with transfer between the membrane and cytoplasm, where k on and k off are the binding and unbinding rates. The second equation is an advection-diffusion equation that describes the hybrid transport dynamics of molecules in the cytoplasm, which randomly switch between diffusive motion and ballistic motion along the filaments. In [15] it is assumed that the switching rates are sufficiently high so that the underlying stochastic process can be reduced to the given advection-diffusion process with isotropic diffusion-we will carry out this reduction explicitly in section 2.2 and show that there are additional terms reflecting space-dependent and anisotropic diffusion. The above equations are supplemented by the conservation equation
with M the total number of signaling molecules. Since the concentration profile decays exponentially in the z direction, the range of z is taken to be the half-line. Finally, there is conservation of flux at the membrane:
The velocity field v(x, z, t) depends on the geometry of the filaments, which is itself determined by the concentration of signaling molecules on the membrane. Hawkins et al. [15] distinguish between two cases (see Figure 4 ):
(i) Filaments that grow from a nucleating center in the cytoplasm (microtubule aster) are approximately perpendicular to the membrane surface. Assuming that the speed of active transport at (x, z) is proportional to the local density of parallel filaments, and that the latter is proportional to the concentration of surface signaling molecules u(x, t), we have
where κ 0 is a constant that specifies the coupling between the signaling molecules and filaments. This type of geometry holds for the distribution of microtubules in neuron growth cones (see Figure 3) , where GABA receptors appear to associate with and regulate the growing microtubule ends in the presence of an external chemical gradient [4] . (ii) Filaments that nucleate from sites on the membrane can be approximated by a superposition of asters. Assuming that the velocity field at r = (x, z) is determined by the local density of filaments, and this decreases with distance from each nucleation site r = (x, 0), then
This geometry reflects the organization of the actin cytoskeleton in budding yeast, as illustrated in Figure 1. 
Stochastic model.
One of the assumptions of the Hawkins et al. model [15] is that the stochastic switching between motor-driven transport and diffusion is sufficiently fast that it can be approximated by an advection diffusion process with uniform, isotropic diffusion. However, as we have demonstrated elsewhere, when carrying out the reduction of a stochastic hybrid transport process on a twodimensional cytoskeletal network, the resulting diffusion process is typically nonuniform and anisotropic [5, 6] ; see also [3] . Here we will show that a nontrivial diffusion process occurs for the particular geometries presented in Figure 4 [8] .
The main types of active intracellular transport involve the molecular motors kinesin and dynein carrying resources along microtubular filament tracks and myosin V motors transporting cargo along actin filaments. Microtubules and actin filaments are polarized polymers with biophysically distinct (+) and (−) ends, and this polarity determines the preferred direction in which an individual molecular motor moves. For example, kinesin moves toward the (+) end, whereas dynein moves toward the (−) end of a microtubule. Each motor protein undergoes a sequence of conformational changes after reacting with one or more adenosine triphosphate (ATP) molecules, causing it to step forward along a filament in its preferred direction. Thus, ATP provides the energy necessary for the molecular motor to do work in the form of pulling its cargo along a filament in a biased direction. The movement of molecular motors occurs over several length and time scales [21, 22, 26, 23, 6] . In the case of a single motor there are at least three levels of modeling:
(a) the mechanico-chemical energy transduction process that generates a single step of the motor; (b) the effective biased random walk along a filament during a single run; (c) the alternating periods of directed motion along the filament and diffusive or stationary motion when the motor is unbound from the filament. We will consider level (c) by treating a motor/cargo complex as a particle that randomly switches between a free diffusion state and a ballistic motion state with velocity
, where the direction arg[V] = θ is determined by the orientation θ of the cytoskeletal filament at (x, z) to which the complex is bound. Following Hawkins et al. [15] , we take
The orientation θ is defined as the angle subtended at the cell boundary z = 0 (see Figure 4) , and we assume that a particle moves toward the plus end of the filament (toward the boundary) with a constant speed v 0 . Thus
The stochastic transport process is illustrated in Figure 5 in the case of parallel filaments with θ = π/2 and V = −v 0 e z . At a sufficiently small spatial scale, the filaments are discrete objects and one would need to specify the spatial location of each filament. We will consider a simplified continuum model under the "homogenization" assumption that the cytoskeletal network is sufficiently dense and ordered. Thus at each point (x, z), there is a density ρ(x, z, θ) of filaments with the given orientation θ-the probability of binding to any one of these filaments will then be proportional to ρ(x, z, θ). Ultimately we will take ρ to depend on the concentration of signaling molecules on the membrane surface, so that ρ becomes time-dependent. For the moment, however, we will treat ρ as time-independent. Let p 0 (x, z, t) denote the probability density that the particle is at position (x, z) at time t and is in the diffusive state. Similarly, let p(x, z, θ, t) be the corresponding probability that it is bound to a microtubule and moving with velocity V(θ). Transitions between the diffusing state and the ballistic state are governed by a discrete Markov process. The transition rate β from a ballistic state with velocity V(θ) to the diffusive state is taken to be constant, whereas the reverse transition rate is taken to depend on the local density of filaments, αρ(x, z, θ). We then have the following Chapman-Kolmogorov (CK) equations describing the evolution of the probability Downloaded 04/05/15 to 155.97.178.73. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php densities for t > 0:
with r = (x, z) and
We have introduced a small dimensionless parameter , 0 < 1, in order to incorporate the assumption that the switching rates are very fast and diffusion is slow compared to typical motor velocities (on the length scale of a cell). That is, specifying space and time measurements in units of L and L/v 0 , we take αL (1) . Note that in the limit → 0, the total probability density at each point r is conserved, that is,
where c(r) is determined by the initial conditions. It follows that the system rapidly converges to steady-state distributions
+ , it is necessary to specify boundary conditions along the edges x = ±L/2 and along the cell membrane at z = 0. First, we impose periodic boundary conditions with respect to 
However, it will be convenient to take the limit L → ∞ when modeling the distribution of microtubules generated by nucleation from the cell membrane, which is reasonable given the exponential decay of the concentrations with respect to z (see below). Second, we impose a no-flux condition along z = 0, which requires constructing a probabilistic version of the flux conservation equation (2.3) in order to take into account binding and unbinding of vesicles to the cell membrane. Suppose that if a motor-bound vesicle is in the diffusive state and at the membrane (z = 0), then the vesicle can transition to a membrane-bound state and immediately release its contents by fusing with the membrane (exocytosis). Furthermore, we assume that new vesicles form on the membrane and are subsequently released back into the cytoplasm (endocytosis) at a rate that depends on the local density u(x, t) of signaling molecules within the membrane. This is motivated by the observation in yeast that the density of actin patches varies with the membrane density of Cdc42. We then have the following equation for conservation of vesicular flux at the boundary z = 0:
where k on and k off are the rates of exocytosis and endocytosis, respectively. (Note that k on has units of speed as p 0 is density per unit area.) For simplicity, we neglect any time delays associated with the fusion and budding of membrane-bound vesicles. We also assume that there is a dynamic equilibrium of vesicular transport so that the total number of vesicles M ves is fixed:
Assuming that each vesicle contains n ves signaling molecules and that protein degradation can be ignored, the total number of signaling molecules M satisfies the conservation equation
Finally, the concentration u(x, t) of signaling molecules in the membrane evolves according to
where γ is a dimensionless conversion factor that determines the change in membrane concentration following endocytosis/exocytosis of a single vesicle. Equation (2.12) 
is supplemented by the periodic boundary condition u(−L/2, t) = u(L/2, t).
A subtle aspect of constructing the above stochastic model is how to couple the stochastic vesicular dynamics to the distribution u(x, t) of signaling molecules such as Cdc42 within the cell membrane. This raises one of the potential difficulties with the active transport models considered in [27, 15] , namely, these models effectively treat transport as a continuous flux of proteins. That is, they don't explicitly take into account the vesicular nature of motor transport. As highlighted by Layton et al. [25, 37] , vesicular transport makes cell polarization more difficult to sustain. A simple Downloaded 04/05/15 to 155.97.178.73. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php argument for this proceeds as follows. First, it is clear that if the concentration of signaling molecules within a vesicle is the same as a local region of membrane, then fusion of the vesicle releases both signaling molecules and additional lipid membrane so the concentration doesn't change, in contrast to a continuous flux of signaling molecules alone. Hence, exocytic vesicles need to have higher concentrations of the signaling molecule than the polarization site in order to enhance the concentration. A dynamic equilibrium of recycling can be maintained only if endocytic vesicles also have an enhanced concentration of signaling molecules. There are various active mechanisms for enhancing the concentration of proteins within vesicles, and although evidence for such processes within the context of cell polarization is currently lacking, it has recently been observed that vesicles do indeed deliver Cdc42 to sites of polarized growth in yeast [9] . We will ignore these issues here and simply assume that each vesicle contains n ves signaling molecules and the membrane concentration increases/decreases by an amount γn ves given a unit flux of vesicles undergoing exo/endocytosis.
Another simplification of our model (and the model of Hawkins et al. [15] ) is that the distinction between active/inactive states of Cdc42 is not made in the case of yeast. As highlighted in the introduction, there is also an actin-independent positive feedback mechanism that can establish cell polarity, in which Bem1, an adaptor protein with multiple binding sites, forms a complex with Cdc42 that enables recruitment of more Cdc42 to the plasma membrane. However, it is thought that each mechanism is by itself sufficient to establish cell polarization, suggesting that the presence of two distinct but connected mechanisms leads to greater robustness [42, 39] . In this paper, we focus on the actin-dependent mechanism and show that it alone can support spontaneous polarization.
QSS analysis.
In order to derive a diffusion approximation of the CK equations (2.7), we will use a QSS approximation. This was first developed from a probabilistic perspective by Papanicolaou [35] ; see also [13] . It has subsequently been applied to a wide range of problems in biology [8] , including cell movement [34, 16] , wave-like behavior in models of slow axonal transport [36, 10, 11] , molecular motorbased models of random intermittent search [32, 33] , and stochastic neural networks [7] . The QSS approximation is based on the assumption that for 0 < 1, solutions remain close to the steady-state solution. Hence, we set
Furthermore, for concreteness, the initial conditions are taken to be c(r, 0) = δ(r − X), w(r, θ, 0) = w 0 (r, 0) = 0, which are equivalent to the following initial conditions for the full probability densities:
That is, we assume that the system starts on the slow manifold so fast transients can be ignored. One could equally well assume a uniform initial condition for c with respect to position r. Downloaded 04/05/15 to 155.97.178.73. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Perturbation and projection methods can now be used to derive a closed equation for the scalar component c(r, t) [5] . First, integrating (2.7a) with respect to θ and adding to (2.7b) yields (to first order in )
Next, substituting (3.1a) and (3.1b) into (2.7a) and (2.7b) yields
Now substitute (3.3) into (3.4) and (3.5) and introduce the asymptotic expansion
Collecting terms to leading order in and using (3.2) then gives
Finally, substituting (3.6) and (3.7) into (3.3) yields to O( ) the Fokker-Planck equation 
We now make the simplifying assumption that the density of filaments is sufficiently small so that αρ(r) β for all r, which implies
This approximation allows us to greatly simplify the analysis without losing the basic structure of the equations and to link up with the analysis of Hawkins et al. [15] .
(A biophysical justification of such an approximation would require a more detailed analysis of the interaction between a diffusing motor/cargo complex and a cytoskeletal network. It is motivated by the idea that the unbinding rate from a single filament is independent of other filaments, whereas binding to a filament involves competition with other neighboring filaments. From a mathematical prospective, one would need to take into account the discrete nature of the cytoskeletal network using homogenization theory, for example.) Carrying out a perturbation expansion of (3.10) with respect to a(r) and keeping only leading order terms gives (3.14)
V(θ)ρ(r, θ)dθ
Note that we also ignore O( ) corrections to the drift term and take the nonuniform diffusion matrix to be outside the second order derivatives.
Finally, it is necessary to determine the boundary condition for c(r, t) by applying the QSS approximation to the flux conservation equation (2.9). In order to relate our QSS approximation to the Hawkins et 
Moreover, (2.12) becomes
and the conservation equations (2.10) and (2.11) reduce to
u(x, t)dx.
In the above QSS analysis, we have determined the diffusion coefficients to O( ) and all other coefficients to O(1).
This approximation still holds if we take the density of filaments ρ to depend on the membrane-bound concentration u(x, t) of Cdc42, even though ρ becomes time-dependent, since the evolution of u is much slower than the transition rates between mobile states. Hence, starting from a biophysically detailed stochastic model of motor transport, we have derived an effective reaction-diffusion equation given by (3.14) and (3.20) together with the conservation equations (3.17) and (3.21). Our model is similar in structure to the more phenomenological model of Hawkins et al. [15] (see (2.1), (2.2), and (2.3)), with two significant differences: (i) The velocity field v(r) in the drift term of (3.14) has a direct biophysical interpretation in the terms of the distribution of polymer filaments and the rates of binding/unbinding of molecular motors. As we show below, this requires modifying the aster velocity field introduced by Hawkins et al. [15] . (ii) The effective diffusion of cytosolic Cdc42, which reflects the stochastic nature of motor transport, is anisotropic. If we set D ij = D 0 δ i,j , then (3.14) is identical in form to (2.1) of the Hawkins et al. model. In the following section we will use our modified reaction-diffusion model to determine conditions for spontaneous pattern formation in the two geometric configurations shown in Figure 4 , extending the previous analysis of Hawkins et al. [15] . Recall that in order to derive the deterministic reaction-diffusion model from our stochastic model, we introduced a small parameter , based on the assumption that transitions between diffusive and motor-driven state are fast relative to diffusion in the cytosol, which is itself faster than membrane-bound diffusion. In our analysis of pattern formation, we reabsorb the factors of and deal with physical parameters. Finally, following standard treatments of cell polarization, we assume that membrane diffusion is slower than cytoplasmic diffusion by taking D m D 0 . However, this inequality could be mitigated by the fact that we are modeling the diffusion of vesicles in the cytoplasm, which tends to be slower than that of single molecules due to molecular crowding. 
Case (i): Parallel filaments.
In the particular example of parallel fibers that are orthogonal to the cell membrane and have a density proportional to u(x, t) (see Figure 4 (a)), we have
which implies that ρ(r, t) = κu(x, t). Substituting into (3.15) shows that this choice of fiber density recovers the velocity distribution (2.4) of Hawkins et al.:
which is identical to (2.4) on setting
For the given density, (3.14) and (3.20) then reduce to
where (4.5)
Equations (4.3) and (4.4) have an x-independent steady-state solution c(x, z, t) = c(z), u(x, t) = u * satisfying the pair of equations
After imposing a zero flux boundary condition at the membrane surface, we see that
Note that the condition a(r) 1 implies that ξD 4.1.1. Stability analysis. The stability of the steady-state is determined by substituting
into (4.3) and (4.4) and Taylor expanding to first order in U (k) and C(k, z). The resulting linear equations are
On eliminating U (k) and using (4.8), (4.9b) becomes
with
This has a solution of the form
where ρ is the positive real root of the equation
C(k, 0).
Dispersion relation.
In order to derive the dispersion relation λ = λ(k), we impose the zero-flux condition (3.17) , which has the specific form
Substituting the linearized solution gives (4.12)
Combining (4.10) and (4.13) and using (4.8) yields the characteristic equation
which can be rearranged as 
Following Hawkins et al. [15] , we express k and ξ in units of R −1 and choose the following parameter values:
with γ = 1. There is then one free parameter in (4.15), namely, the spatial decay rate ξ. On the other hand, the full dispersion relation (4.14) depends on the additional parameters ηu * , v 0 , and β. Equation (4.8) shows that u * is proportional to c(0), and the latter is determined by the conservation equation (3.21) . Moreover, η = κα/β is proportional to the strength of coupling κ between the membrane-bound signaling molecules and the distribution of filaments. Equation (4.8) also implies that ξ is related to the other free parameters according to Recall that we are working in a parameter regime for which ηu * is small-this then puts constraints on the allowed range of ξ i.e. ξ cannot be too large. However, this is not a major restriction given the parameter regime we are considering. (One could also relax the constraint on ηu * , although this introduces several additional terms into the dispersion relation and greatly complicates the analysis.) In Figure 6 we show typical dispersion curves λ = λ(k) in the case of parallel filaments for various values of ξ and v 0 = 1μms −1 , β = 1s −1 . Consistent with the findings of Hawkins et al. [15] , the parallel configuration does not support spontaneous cell polarization.
Case (ii):
Nucleation at the cell membrane. Now suppose that the probability density of a filament of orientation θ at (x, z) depends on the concentration of nucleated asters at location (x , 0) on the membrane such that (see Figure 4( 
The trigonometric construction is illustrated in Figure 7 . Assume that the concentration of asters at (x , 0) is proportional to the density of Cdc42 at that location. The density of filaments from a single aster at (x , 0) will vary as the inverse of the Euclidean distance |r| = (x − x ) 2 + z 2 from the aster. On the other hand, the density of asters contributing to fibers passing through (x, z) and subtending an angle θ will vary as sin θdx so that
and dx = (z/ sin 2 θ)dθ, we see that Note that the range of θ will depend on L. That is, θ ∈ [θ − (r), θ + (r)] such that
Substituting into (3.15) shows that the fiber density (4.17) generates a similar mean velocity distribution (2.5) to Hawkins et al. [15] . That is,
where r = (x, z) and r = (x , 0). The main difference from the aster-based velocity distribution considered by Hawkins et al. [15] is the additional factor in square brackets. This is necessary so that the total densityρ(r) averaged over all orientations is finite. For simplicity, we will take L → ∞ and θ ∈ [0, π] in the following. (This is reasonable since L ξ.) It follows from (4.17) and (3.16) that 
Equation (3.14) thus becomes
Stability analysis.
Following along lines similar to Case (i), the stability of the steady-state is determined by substituting
into (3.14) and (3.20) and Taylor expanding to first order in U (k) and C(k, z). The linear equation corresponding to (3.20) is identical in form to Case (i):
The linearized version of (3.14) takes the form
where we have canceled common factors of e λt , (4.25)
and (4.26)
Equation (4.24) reduces to the form
where (see the appendix)
with K 1 a modified Bessel function of order n = 1. Equation (4.27) can be rewritten as the linear, inhomogeneous equation
Note that we have substituted for U (k) using (4.23), written in the form
, and set (4.33)
Equation (4.29) can be solved using Green's functions. That is, let G(z, z ) satisfy the equation
where
Taking into account the boundary conditions, we find that the solution to (4.29) is 
where ΔD zz is given by (4.26) for z = 0,
2β , which is independent of k. Substituting for C(k, z) using (4.36) and noting that
We can evaluate the integrals involving the functions f (kz) and f s (kz) explicitly:
where we have used the identity ρ 1 + ρ 2 = 2v 0 ηu * /(πD * zz ) = ξ. In the case of g s (kz), k = 0, we have
On the other hand, if k = 0, then
Finally, combining (4.37) and (4.38) and (4.32), we can eliminate a common factor of C(k, 0) to obtain the equation 
5. Numerical results and discussion. Example dispersion curves λ = λ(k) for the nucleation configuration (Case (ii)) are plotted in Figure 8(a) . Consistent with the results of Hawkins et al. [15] , we find that there is a finite range of wave numbers (0, k c ] for which λ(k) > 0, with a maximum at k = k max . This maximum corresponds to a dominant (fastest growing) instability of finite characteristic length 2π/k max . We also see that k max increases with ξ, as illustrated in Figure 8 (b). For ease of presentation, we treat k as a continuous variable, which holds when L → ∞. For finite L and periodic boundary conditions with respect to x, the dispersion curves are discretely sampled at the points k = 2πm/L for integer m. Given a particular cell circumference L = 2πR, cell polarization patches will be observed if 2π/k max < L, that is, k max R > 1. Indeed, as ξ increases, k max crosses a sequence of thresholds given by k max R = n c for positive integers n c , such that n c patches form. The occurrence of the most common polarization pattern (n c = 1) is illustrated in Figure 8(b) .
One major feature of our model is that there are additional biophysical parameters such as the motor speed v 0 and unbinding rate β, both of which affect the dispersion curves and the value of k max ; see Figure 9 . In Figure 10 , we show plots of the wavenumber k max and inverse growth rate τ = λ(k max ) −1 of the fastest growing eigenmode as functions of v 0 and β. It can be seen, for example, that k max is a decreasing function of v 0 and an increasing function of β. Hence, our model identifies parameters associated with motor transport that can be tuned to generate spontaneous cell polarization, beyond the total number of molecules M and the coupling parameter κ. Finally, note that it is not possible to reduce our model to Case (ii) of [15] , since we take a different expression for the aster velocity field (see (4.18)), which is necessary in order to generate the velocity field from a normalizable distribution of filaments. Nevertheless, one can obtain a good match between the two models by slightly changing the baseline parameters in our model. This is illustrated in Figures  11 and 12 .
In conclusion, the effects of cytoskeletal geometry on cell polarization identified in [15] persist when biophysical details regarding motor-driven vesicular transport are taken into account. One outstanding challenge is to understand how the vesicular transport of signaling proteins such as Cdc42 [9] can enhance the membrane-bound concentration of the proteins. This will require a more detailed model of the fusion and budding of vesicles with the cell membrane. Another extension of our model is to consider cell polarization driven by external stimuli. This then raises two interesting questions: Can our model account for driven polarization? How sensitive is the response? As proposed in Hawkins et al. [15] , one can assume there is an activator gradient which results in an asymmetric activation of the signaling molecules on the membrane. One way to implement this is to assume a spatial inhomogeneity in the parameter constant κ, the proportionality constant between the density ρ of actin filaments and the concentration of membrane-bound molecules u(x, t). Finally, in our stability analysis we assumed that the density of filaments was sufficiently small so that we could carry out a perturbation expansion with respect to a(r); see (3.13 In order to determine the accuracy of such an approximation, it would be necessary to develop a more detailed model of a cytoplasmic motor-cargo complex interacting with a discrete network of cytoskeletal filaments. One could then use homogenization theory to calculate an effective space-dependent binding rate, as well as determining the effects of molecular crowding on the diffusivity of vesicles in the cytoplasm. where K 1 (x) is the modified Bessel function of the second kind of order n = 1. In particular, g s (0) = 2/π.
